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Æ ÇÈÉÊËÌÌÍÎ ÈËÉÏËÐËÑÊÒÓÉÈÊÎ ÈËÌÔÓÌÉÕÖ
�×Ø ÙÚÛÜÝÞßà� áàâãä×å æ×ÝÞã ÛÜçÜÝÞÛ× Ûà �ÝÜâÜßßàè ßÜÛÙéÙê× ë ìÞà Þ×Ø
ß×ÚíÛ×Üê×å îÞÜêß×å ê×ÞÜïÙåð� àáï×Úñòç×å ÝØïíÞñò ê×ÝÝñ �ÝÜâÜßßàè�
�Üóàéßå ôïÜéÝÞ×ÛâåÜÞÝå� æÞà ôïÙêÜïßà ôàâàÛÙß× ÝØïíÞàè ê×ÝÝí éàÝÞ×�
Þàæßà ï×ÛßàêÜïßà îï×Úê×Ú×ß×ð ôà ôïàÝÞï×ßÝÞÛñ Ù êàõÜÞ áíÞã àáöåÝßÜ�
ß× ßÜ ï×Ûßíê ßñâò Λ

ëæâÜßàê ÷ßÜßñâÜÛ×å ôâàÞßàÝÞã ìßÜïóÙÙ Û×Øññê×ø�× ÛÞàï×å ôàâàÛÙß× ÷ôïÙêÜïßà �� ôïàùÜßÞàÛø åÛâåÜÞÝå îó×Úàêð úàâàéßíú
æ×ÝÞÙù� àáï×ÚñòçÙú ê×ÝÝÙÛßíÜ ó×âà ÛàØïñó ó×â×ØÞÙØ Ù Ùú ÝØàôâÜßÙèû�� �ü� ýÞÙ æ×ÝÞÙùí àæÜßã Ýâ×áà ÛÚ×ÙêàéÜèÝÞÛñòÞ Ý àáíæßíê ÛÜçÜÝÞÛàê
Ù ßÜ åÛâåòÞÝå ó×Úàê� ôâ×Úêàè Ù ÛààáçÜ àáíæßàè á×ïÙàßßàè ê×ÞÜïÙÜè��× ß×âÙæÙÜ ê×ÝÝÙÛßíú ßÜÛÙéÙêíú ó×âà ÛàØïñó ó×â×ØÞÙØ åÛßà ñØ×ÚíÛ×�
òÞ ØïÙÛíÜ Ûï×çÜßÙå� ÙÚêÜïÜßßíÜ ÝÜóàéßå éâå êßàõÜÝÞÛ× ó×â×ØÞÙØ�þàïàäÙê Ø×ßéÙé×Þàê ß× ïàâã îúàâàéßàè ØàêôàßÜßÞíð ÞÜêßàè ê×ÞÜ�
ïÙÙ åÛâåÜÞÝå ×ØÝÙàßßíè îó×Úð� àáï×ÚñòçÙè ó×âà ÛàØïñó ó×â×ØÞÙØ Ù Ùú
ÝØàôâÜßÙè� ÿ×ÝÝ× Þ×Øàóà ó×âà ôïÙêÜïßà ß× ôàïåéàØ ôïÜÛíä×ÜÞ ê×ÝÝñ
ó×â×ØÞÙØÙ��×Ø êí àÞêÜæ×âÙ Û ï×áàÞÜ û�ü� ôàÝÛåçÜßßàè ×ØÝÙàßßàêñ ØàßéÜßÝ×�
Þñ Ù ÛàÚêàõßàÝÞåê Üóà ìØÝôÜïÙêÜßÞ×âãßàóà àáß×ïñõÜßÙå� éâå ×ØÝÙàßàÛ
Ý ê×ÝÝàè êÜßÜÜ 0.1

ì� ÝÜóàéßå ÛíôàâßÜßà ñÝâàÛÙÜ �àÚÜ�ýèßäÞÜèßàÛÝØàè
ØàßéÜßÝ×ùÙÙ�

T < T0 =
5 · 10−3

m5/3

(

ρ

ρc

)2/3

. ÷�ø
�éÜÝã m ë ê×ÝÝ× æ×ÝÞÙù ó×Ú×� Ûíï×õÜßß×å Û ìâÜØÞïàß�ÛàâãÞ×ú� ρ ë ôâàÞ�ßàÝÞã ó×Ú×� ρc

ë ØïÙÞÙæÜÝØ×å ØàÝêàâàóÙæÜÝØ×å ôâàÞßàÝÞã� ØàÞàïñò êí
ôïÙêÜê ï×Ûßàè 10−29ó�Ýê3

�
T0

ë ÞÜêôÜï×Þñï× áàÚÜ�ØàßéÜßÝ×ùÙÙ Û ØÜâãÛÙ�
ß×ú�
âå ê×ÝÝ ßÙõÜ 0.1

ì� ÞÜêôÜï×Þñï× ôÜïÜúàé× ÝÜóàéßå ë ôàïåéØ× ÞÜêôÜ�ï×Þñïí ïÜâÙØÞàÛàóà ÙÚâñæÜßÙå� � ÝÞ×ßé×ïÞßàè ØàÝêàâàóÙæÜÝØàè êàéÜâÙû�ü ôïÙ ñêÜßãäÜßÙÙ ØàÝêàâàóÙæÜÝØàóà ê×ÝäÞ×áßàóà �×ØÞàï× R ÷îï×éÙñ�
Ý× �ÝÜâÜßßàèðø ÞÜêôÜï×Þñï× �ÝÜâÜßßàè Tm ∼ R−1 � Þàóé× Ø×Ø T0 ∼ R−2

�

�



�àìÞàêñ� ÜÝâÙ àÞïíÛ ×ØÝÙàßàÛ àÞ ÛÜçÜÝÞÛ× ôïàÙÚàäÜâ ß× éàÝÞ×Þàæßà ï×ß�
ßÜè ÝÞ×éÙÙ ØàÝêàâàóÙæÜÝØàè ìÛàâòùÙÙ� Þà Û ìÞàÞ êàêÜßÞ ó×Ú éàâõÜß áíâ
ß×úàéÙÞãÝå Û �àÚÜ�ØàßéÜßÝÙïàÛ×ßßàê ÝàÝÞàåßÙÙ� �éÙ×á×ÞÙæÜÝØàÜ ï×ÝäÙ�
ïÜßÙÜ ßÜ êàõÜÞ ôÜïÜÛÜÝÞÙ æ×ÝÞÙùñ ÙÚ àÝßàÛßàóà ÝàÝÞàåßÙå Û ÛàÚáñõéÜß�
ßàÜ� �âÜéàÛ×ÞÜâãßà� Û âòáàè ÝâÜéñòçÙè êàêÜßÞ ìÛàâòùÙÙ �ÝÜâÜßßàè×ØÝÙàßí àáï×ÚñòÞ ØàßéÜßÝ×Þ� àôÙÝíÛ×òçÙèÝå Û ÝàôñÞÝÞÛñòçÜè ÝÙÝÞÜêÜ
ê×ØïàÝØàôÙæÜÝØàè ÛàâßàÛàè �ñßØùÙÜè�

ψ0 =
√
nae

iα . ÷�ø
�éÜÝã na

ë ØàâÙæÜÝÞÛà ×ØÝÙàßàÛ Û ÜéÙßÙùÜ àáöÜê×�α ë ßÜß×áâòé×Üê×å �×�Ú× ØàßéÜßÝ×Þ×� �íäÜôïÙÛÜéÜßßíè ×ß×âÙÚ ÝñçÜÝÞÛÜßßà ÙÝôàâãÚàÛ×â ÙéÜ�×âãßàÝÞã ×ØÝÙàßßàóà ó×Ú×� �éß×Øà ôÝÜÛéàÝØ×âåïßíÜ æ×ÝÞÙùí� ÛàÚßÙØ×�
òçÙÜ Û ï×ÚâÙæßíú êàéÜâåú� êàóñÞ ï×Ýô×é×ÞãÝå ß× éÛ× �àÞàß×� ôàóâà�
ç×ÞãÝå Ù ÙÚâñæ×ÞãÝå ÛÜçÜÝÞÛàê Ù ñæ×ÝÞÛñòÞ Û óï×ÛÙÞ×ùÙùÙàßßàê ÛÚ×Ù�
êàéÜèÝÞÛÙÙ� ýÞà Úß×æÙÞ� æÞà ×ØÝÙàßßíè ØàßéÜßÝ×Þ Ý êàêÜßÞ× Üóà àáï×Úà�
Û×ßÙå áñéÜÞ ß×úàéÙÞãÝå Û ßÜï×ÛßàÛÜÝßàê ÝàÝÞàåßÙÙ� 
âå ÙßÞÜïÜÝñòçÙú
ß×Ý ØàßÝÞ×ßÞ ÝÛåÚÙ ÛïÜêå ÞÜïêàâÙÚ×ùÙÙ ÝñçÜÝÞÛÜßßà ôïÜÛíä×ÜÞ ÛïÜêå
õÙÚßÙ �ÝÜâÜßßàè� Ù ÛâÙåßÙÜê âàØ×âãßíú ÛÚ×ÙêàéÜèÝÞÛÙè ß× ØàßéÜßÝ×Þ
êàõßà ôïÜßÜáïÜæã�

� ��ËÎÉÖ�Õ ÕÈÉÊËÌÌËÑË ÈËÌÔÓÌÉÕÖÕ
�×ÝÝêàÞïÙê ÝÛàèÝÞÛ× ØàßéÜßÝ×Þ×� �ïÙ ìÞàê áñéÜê àôÙï×ÞãÝå ß× ï×áàÞíû�� �ü� ôàÝÛåçÜßßíÜ ØàßéÜßÝ×Þ×ê �àÚÜ�ýèßäÞÜèß×� �ïÜéôàâ×ó×ÜÞÝå� æÞà×ØÝÙàßßíè ØàßéÜßÝ×Þ ë �àÚÜ ó×Ú Ý Ý×êàéÜèÝÞÛÙÜê ÛÙé×�

ε =
~

2

2ma
|∇ψ0|2 + Vext|ψ0|2 +

g

2
|ψ0|4 , ÷�ø

ÚéÜÝã�
g =

4π~
2a

ma
, ÷�ø

a2
ë ÝÜæÜßÙÜ ï×ÝÝÜåßÙå ×ØÝÙàß ë ×ØÝÙàß û�ü��×Ø ôàØ×Ú×ßà Û û�ü Ù û�ü� ñï×ÛßÜßÙÜ ÝàÝÞàåßÙå ØàßéÜßÝ×Þ×�

p =
2π~

2a

m3
a

ρ2 = kρ2 . ÷�ø
�éÜÝã ρ ë ôâàÞßàÝÞã ØàßéÜßÝ×Þ×� �æÜÛÙéßà� æÞà ÷�ø ë ñï×ÛßÜßÙÜ ×éÙ×á×Þí
p = kργ � γ = 1 + 1/n = 2 � óéÜ n ë ÙßéÜØÝ ôàâÙÞïàôí� �Ú ÞÜàïÙÙ ìÛàâò�ùÙÙ ÚÛÜÚé ÙÚÛÜÝÞßà� æÞà ÙßéÜØÝ ôàâÙÞïàôí n = 1 � åÛâåÜÞÝå àÝàáíê� �	


�



n = 1
	��
� ������ �� ���
�
� �� �� ����� ���� �ïÙ ìÞàê ï×éÙñÝ

ï×ÛßàÛÜÝßàè Øàß�Ùóñï×ùÙÙ àôïÜéÜâåÜÞÝå Ûíï×õÜßÙÜê�

R = π

(

k

2πG

)1/2

= π

(

~
2a

m3
aG

)1/2

, ÷�ø

æÞà êàõßà ôïÜéÝÞ×ÛÙÞã Ø×Ø

R = π
mpl

ma
(λca)

1/2
, ÷�ø

óéÜ mpl =
√

~c/G
ë ôâ×ßØàÛÝØ×å ê×ÝÝ×� λc = ~/(mac)

ë ØàêôÞàßàÛÝØ×å
éâÙß× Ûàâßí ×ØÝÙàß×��ïÙ ìÞàê ï×ÝôïÜéÜâÜßÙÜ ôâàÞßàÝÞÙ ÙêÜÜÞ ÛÙé�

ρ(r ≤ R) = ρa0

R

πr
sin

(πr

R

)

; ρ(r > R) = 0 , ÷�ø

óéÜ ρa0

ë ôâàÞßàÝÞã Û ùÜßÞïÜ ó×âà Ý ôàâßàè ê×ÝÝàè M

ρa0 =
M

π

(

ma

mpl

)3 (

1

λca

)3/2

. ÷�ø

�×ê àÝÞ×âàÝã ôàßåÞã� æÞà Þ×ØàÜ a � �×Ø Ø×Ø Û Ú×é×æÜ ßÜÞ éïñóÙú ô×�ï×êÜÞïàÛ� Þà êàõßà ÝæÙÞ×Þã� æÞà a ∼ 1/V
ë ìÞà ê×ÝäÞ×á ß×ïñäÜßÙå

ÝÙêêÜÞïÙÙ ÷�ÜæÜÙ ë �ÛÙßø� Ý ØàÞàïàè ×ÝÝàùÙÙïàÛ×ßà ôàåÛâÜßÙÜ ×ØÝÙàß×
÷£ ë Û×ØññêßàÜ ÝïÜéßÜÜø� � ÝÙâñ ÝôÜùÙ�ÙæÜÝØàè ÝÛåÚÙ ê×ÝÝí ×ØÝÙàß× Ù
Üóà ØàßÝÞ×ßÞí ÛÚ×ÙêàéÜèÝÞÛÙå û�ü àØ×ÚíÛ×ÜÞÝå� æÞà ôïàÙÚÛÜéÜßÙÜ λca

ë
ØàßÝÞ×ßÞ×�

ma ∼ mπ
fπ

V , a ∼ ~c
V

λ = ~

mac ' ~V
fπmπc

λca ' ~
2

fπmπ

∼ 10−26cm2

÷��ø

ÚéÜÝãmπ
ë ê×ÝÝ× ôÙàß×�fπ

ë Üóà ØàßÝÞ×ßÞ× ï×Ýô×é×� �ñçÜÝÞÛÜßßà� àéß×Øà�
æÞàáí éâÙß× ï×ÝÝÜåßÙå a áíâ× ôàâàõÙÞÜâãß×� Þ×Ø Ø×Ø a > 0 ÝààÞÛÜÞÝÞÛñ�ÜÞ ÛÚ×Ùêßàêñ àÞÞ×âØÙÛ×ßÙò ×ØÝÙàßàÛ�

� ��Õ�ÊÖÕ�ÊËÌÌÕ ÌÓ!ÉÖËÎÒÊ�ËÉÖ"
�ÓÐÊÈÖË�ËÑË ÈËÌÔÓÌÉÕÖÕ

	ÝÞÜÝÞÛÜßßà ôïÜéôàâ×ó×Þã� æÞà ôÜïÛàß×æ×âãßà àéßàïàéßíè ØàÝêàâàóÙæÜ�ÝØÙè ×ØÝÙàßßíè ØàßéÜßÝ×Þ ï×ÚÛ×âÙÞÝå ß× ØàêØÙ ï×ÚêÜï× R Øàóé× ØïÙÞÙ�
�



æÜÝØ×å éâÙß× Ûàâßí ßÜñÝÞàèæÙÛàÝÞÙ 
õÙßÝ× λJ
ÝÞ×ßÜÞ ôàïåéØ× R �

λJ = cs ·
√

π

Gρ
' R , ÷��ø

ÚéÜÝã ρ ë ôâàÞßàÝÞã ØàßéÜßÝ×Þ×� × cs ë ÝØàïàÝÞã ÚÛñØ× Û ØàßéÜßÝ×ÞÜ�

c2s =
dp

dρ
=

4π~
2aρ

m3
a

. ÷��ø

�ÜóØà ôàØ×Ú×Þã� æÞà àÞßàäÜßÙÜ ÝØàïàÝÞÙ ÚÛñØ× Û ØàßéÜßÝ×ÞÜ Ø ÝØàïàÝÞÙ
ÝÛÜÞ× àôïÜéÜâåÜÞÝå Ûíï×õÜßÙÜê�

(cs
c

)2

=
rg
R
, ÷��ø

óéÜ rg = MG/c2
ë óï×ÛÙÞ×ùÙàßßíè ï×éÙñÝ ØàêØ× ê×ÝÝí M

�
�ÜôÜïã êí êàõÜê ÝéÜâ×Þã ôïàÛÜïØñ êàéÜâÙ� ôàâàõÙÞã ôâàÞßàÝÞã Øàß�

éÜßÝ×Þ× ôàïåéØ× ØïÙÞÙæÜÝØàè� ß×èÞÙ 
õÙßÝàÛÝØñò éâÙßñ Ù Ýï×ÛßÙÞã ÜÜ
Ý R � �éß×Øà� ÞñÞ ß×Ý õéÜÞ ßÜàõÙé×ßßàÝÞã����àéÝÞ×ßàÛØ× ÷��ø Û ÷��ø ôïÙ�ÛàéÙÞ Ø Ûíï×õÜßÙò�

λJ =

√

4π2~2a

m3G
= 2R , ÷��ø

ØàÞàïàÜ ÛíôàâßåÜÞÝå ôïÙ âòáàè ôâàÞßàÝÞÙ� �à ÜÝÞã� ê×ÝäÞ×á ßÜñÝÞàèæÙ�
ÛàÝÞÙ 
õÙßÝ× éâå ×ØÝÙàßßàóà ØàßéÜßÝ×Þ× ôàïåéØ× R Ù ßÜ Ú×ÛÙÝÞ àÞ Üóà
ôâàÞßàÝÞÙ� �àßåÞßà� æÞà ï×Ýô×é ØàßéÜßÝ×Þ× ß× ØàêØÙ ôïàÙÝúàéÙÞ ôïÙ
éàÝÞÙõÜßÙÙ ÛïÜêÜßÙ ï×ÚÛÙÞÙå éõÙßÝàÛÝØàè ßÜñÝÞàèæÙÛàÝÞÙ�

tJ =

√

π

Gρ
, ÷��ø

�ñÝÞã ß×ä× �ÝÜâÜßß×å àôÙÝíÛ×ÜÞÝå êàéÜâãò ýèßäÞÜèß× ë éÜ �ÙÞÞÜï×
÷ôâàÞßàÝÞã ßÜïÜâåÞÙÛÙÝÞÝØàóà ÛÜçÜÝÞÛ× ï×Ûß× ØïÙÞÙæÜÝØàè� ÝàôñÞÝÞÛñò�
çÜÜ ôïàÝÞï×ßÝÞÛà ë ôâàÝØàÜø� �àóé× Ú×ÛÙÝÙêàÝÞã ê×ÝäÞ×áßàóà �×ØÞàï×
àÞ ÛïÜêÜßÙ Ù Øï×Ýßàóà ÝêÜçÜßÙå z àôïÜéÜâåÜÞÝå Ûíï×õÜßÙÜê�

a(t)

a0

=

(

t

t0

)2/3

=
1

1 + z
, ÷��ø

óéÜ t0 = 2

3
H−1

0

ë ÝÜóàéßåäßÙè ÛàÚï×ÝÞ �ÝÜâÜßßàè� a0

ë ÝÜóàéßåäßÜÜ Úß×�
æÜßÙÜ ê×ÝäÞ×áßàóà �×ØÞàï×�

�



ÿí ôàâãÚñÜêÝå Ú×Øàßàê ìÛàâòùÙÙ �ÝÜâÜßßàè� Ú×ôàâßÜßßàè ôíâãò�
Þ×Ø Ø×Ø ôïÜéôàâ×ó×Üê� æÞà àÝßàÛß×å ê×ÝÝ× �ÝÜâÜßßàè Ú×ØâòæÜß× Û ×ØÝÙ�
àßßàê ØàßéÜßÝ×ÞÜ ÷Λ ë æâÜßàê ôàØ× ôïÜßÜáïÜó×Üêø� �ÜÝØàâãØà ßÜàáíæ�
ßàÜ ñï×ÛßÜßÙÜ ÝàÝÞàåßÙå ×ØÝÙàßßàóà ØàßéÜßÝ×Þ× Ùóï×ÜÞ Û×õßñò ïàâã ÛìÛàâòùÙÙ �ÝÜâÜßßàè ÞàâãØà ß× ï×ßßÜè ÝÞ×éÙÙ ï×ÝäÙïÜßÙå� Ú×éàâóà éà
êàêÜßÞ× Üóà ï×Ýô×é× ß× ØàêØÙ� 
×ÛâÜßÙÜ ÛúàéÙÞ Û Ú×Øàß ìÛàâòùÙÙ ê×Ý�
äÞ×áßàóà �×ØÞàï× Û ÝâÜéñòçÜè ØàêáÙß×ùÙÙ�

ε = ρc2 + 3p . ÷��ø

âå ×ØÝÙàßßàóà ØàßéÜßÝ×Þ× ìÞà Ûíï×õÜßÙÜ ôïÜàáï×ÚñÜÞÝå Ø ÛÙéñ�

ε = ρc2
(

1 +
3

2

c2s
c2

)

= ρc2
(

1 +
3

2

rg
R

)

. ÷��ø
�àÝØàâãØñ rg/R < 10−6 ôïÙ ØïÙÞÙæÜÝØàè ôâàÞßàÝÞÙ ØàßéÜßÝ×Þ× Û êàêÜßÞ
ï×Ýô×é× ß× ØàêØÙ� Þà àæÜÛÙéßà� æÞà Û ß×äÜè Ú×é×æÜ ÛâÙåßÙÜê é×ÛâÜßÙå
ß× ìÛàâòùÙò ê×ÝäÞ×áßàóà �×ØÞàï× êàõßà ôïÜßÜáïÜæã ôïÙ Úß×æÜßÙåú
z < 104

�
�àêØÙ ØàßéÜßÝ×Þ× ÛíóâåéåÞ Ø×Ø ôíâã áÜÚ é×ÛâÜßÙå� �àâ×ó×å ÝïÜéßÜÜ

ï×ÝÝÞàåßÙÜ êÜõéñ ØïñôßíêÙ ó×â×ØÞÙØ×êÙ L ' 1
ÿôØ� ß×èéÜê ØïÙÞÙæÜ�

ÝØñò ôâàÞßàÝÞã ØàßéÜßÝ×Þ× Û êàêÜßÞ ï×ÚÛ×â× ß× ØàêØÙ� Þà�ÜÝÞã ôâàÞßàÝÞã
ØàßéÜßÝ×Þ× Û ØàêØÜ�

ρJ = ρc

(

L

R

)3

= ρc

(a0

a

)3

' ρc · (105 ÷ 106) . ÷��ø
�ïÙ ìÞàê ï×Ýô×é ØàßéÜßÝ×Þ× ôïàÙÚàäÜâ ôïÙ Øï×Ýßàê ÝêÜçÜßÙÙ ôàïåéØ×
z ' 100 ÷Ú×êÜÞÙê� æÞà ó×â×ØÞÙØÙ àáï×ÚñòÞÝå Úß×æÙÞÜâãßà ôàÚõÜ ë ôïÙ
z < 10

ø�

# $!Ð"ÉÕ�ÊÊ ÈËÏÈË� ÈËÌÔÓÌÉÕÖÕ
�×ÝôïÜéÜâÜßÙÜ ôâàÞßàÝÞÙ Û ï×ÛßàÛÜÝßàê ØàêØÜ ØàßéÜßÝ×Þ× é×ÜÞÝå Ûíï×�
õÜßÙÜê ÷�ø� �ßÞÜóïÙïñå éà R � ß×èéÜê� æÞà ôàâß×å ê×ÝÝ× Ûíï×õ×ÜÞÝåæÜïÜÚ ùÜßÞï×âãßñò ôâàÞßàÝÞã ØàêØ× ÝâÜéñòçÙê àáï×Úàê�

M = ρa0

4R3

π
, ÷��ø

× àÞßàäÜßÙÜ ÝïÜéßÜè ôâàÞßàÝÞÙ ØàêØ× Ø ùÜßÞï×âãßàè�
ρc

ρa0

=
3

π2
' 1

3
. ÷��ø

�



�×Ø ÛÙéÙê Û êàêÜßÞ ï×Ýô×é× ß× ØàêØÙ ØàßéÜßÝ×Þ ß×úàéÙÞÝå Û ÝÙâã�
ßà ßÜï×ÛßàÛÜÝßàê ÝàÝÞàåßÙÙ� � ØàêØ×ú ß×æÙß×òÞÝå ØàóÜïÜßÞßíÜ àÝùÙâ�
âåùÙÙ ôâàÞßàÝÞÙ ß× æ×ÝÞàÞÜ� ÝààÞÛÜÞÝÞÛñòçÜè ôÜïÛàè ï×éÙ×âãßàè êàéÜ
ÝÙÝÞÜêí� �ïÙæÜê Ú×Þñú×ßÙå ØàâÜá×ßÙè ØàßéÜßÝ×Þ× ôï×ØÞÙæÜÝØÙ ßÜÞ� Þ×Ø
Ø×Ø Ý×ê ØàßéÜßÝ×Þ ÝÛÜïúÞÜØñæÙè� × ÛÚ×ÙêàéÜèÝÞÛÙÜ Ý ÛÜçÜÝÞÛàê ôïÜßÜáïÜ�
õÙêà ê×âà� �àæßÜÜ� Ú×Þñú×ßÙÜ àÝñçÜÝÞÛâåÜÞÝå Ú× ÝæÜÞ óï×ÛÙÞ×ùÙàßßàóà
ÛÚ×ÙêàéÜèÝÞÛÙå ØàßéÜßÝ×Þ× Ý àáíæßíê ÛÜçÜÝÞÛàê� ÛåÚØàÝÞã ØàÞàïàóà ßÜ
ï×Ûß× ßñâò� �ÜïÙàé ìÞÙú àÝùÙââåùÙè âÜóØà àùÜßÙÞã�

Tosc ' R

cs
=

√

π

GρJ
= tJ . ÷��ø

�àéÝÞ×Ûâåå Û ÷��ø ρJ = 106 · ρc = 10−24ó�Ýê3 ôàâñæÙê� Tosc ' 1016 ÝÜ�
Øñßé� �×ØàÜ ÛïÜêå ÝààÞÛÜÞÝÞÛñÜÞ ï×ÝÝÞàåßÙò Û ôâàÝØàê ÝàôñÞÝÞÛñòçÜê
ôïàÝÞï×ßÝÞÛÜ êàéÜâÙ %ïÙéê×ß×� D ' 100 êÜó×ô×ïÝÜØ�	ÝâÙ ôïÜéôàâàõÙÞã� æÞà ï×Ýô×é àéßàïàéßàóà ØàÝêàâàóÙæÜÝØàóà Øàß�
éÜßÝ×Þ× ß× àéÙß×ØàÛíÜ ØàêØÙ ôïàÙÚàäÜâ ôï×ØÞÙæÜÝØÙ àéßàÛïÜêÜßßà Û
ÝàôñÞÝÞÛñòçÜê ôïàÝÞï×ßÝÞÛÜ� Þà àØ×õÜÞÝå æÞà àÝùÙââåùÙÙ ØàêØàÛ Øà�
óÜïÜßÞßí� � Þ×Øàê Ýâñæ×Ü âòáàè ß×áâòé×ÞÜâã áñéÜÞ ÛÙéÜÞã� æÞà ØàêØÙ
Ý ï×Ûßàè ùÜßÞï×âãßàè ôâàÞßàÝÞãò âÜõ×Þ ß× Ý�ÜïÙæÜÝØÙú ôàÛÜïúßàÝÞåú�
ôïÙæÜê Ú×Øàß ÙÚêÜßÜßÙå ùÜßÞï×âãßàè ôâàÞßàÝÞÙ ØàêØ× àÞ ï×ÝÝÞàåßÙå ë
ÝÙßñÝàÙé×âãßíè� ýÞà êàõÜÞ ÝâñõÙÞã àáöåÝßÜßÙÜê ß×áâòé×Üêàè ôÜïÙ�
àéÙæßàÝÞÙ ï×ÝôïÜéÜâÜßÙå ØÛ×Ú×ïàÛ Ù åïØÙú ó×â×ØÞÙØ Û Ú×ÛÙÝÙêàÝÞÙ àÞ
ï×ÝÝÞàåßÙå� �×Ø êí ÛÙéÜâÙ� ØàâÜá×ßÙå ôâàÞßàÝÞÙ Û ùÜßÞïÜ ØàêØ× Øàß�
éÜßÝ×Þ× ÛÜâÙØÙ ρmax/ρmin ∼ 10

� �×ØÙÜ ØàâÜá×ßÙå ùÜßÞï×âãßàè ôâàÞßà�ÝÞÙ éàâõßí àØ×ÚíÛ×Þã ÝñçÜÝÞÛÜßßàÜ ÛâÙåßÙÜ ß× �àïêÙïàÛ×ßÙÜ Ù é×âã�
ßÜèäÜÜ ÝñçÜÝÞÛàÛ×ßÙÜ åéï× ó×â×ØÞÙØÙ� �ïÙ ìÞàê ×ØÞÙÛßàÝÞã åéï× Ù Üóà
åïØàÝÞã áñéñÞ êÜßåÞãÝå Ý ôÜïÙàéàê ï×Ûßíê ôÜïÙàéñ àÝùÙââåùÙè ×ØÝÙ�àßßàóà ó×âà� æÞà Ù ôïÙÛÜéÜÞ Ø ß×áâòé×Üêàè ôÜïÙàéÙæßàÝÞÙ ï×ÝôïÜéÜ�
âÜßÙå ØÛ×Ú×ïàÛ ôà ï×ÝÝÞàåßÙò� �×êÜÞÙê� æÞà ß×èéÜßßíè ß×êÙ ôÜïÙàé
÷D ' 100

øÿôØ ÛôàâßÜ ÝààÞÛÜÞÝÞÛñÜÞ ß×áâòé×Üêàè ôÜïÙàéÙæßàÝÞÙ Û ôïà�
ÝÞï×ßÝÞÛÜßßàê ï×ÝôïÜéÜâÜßÙÙ ØÛ×Ú×ïàÛ ôà ï×éÙ×âãßàè ØààïéÙß×ÞÜ ÝàôñÞ�
ÝÞÛñòçÜóà ôïàÝÞï×ßÝÞÛ× ôâàÝØàè êàéÜâÙ �ïÙéê×ß× û�� ��� ��ü� �âÜéñÜÞàÞêÜÞÙÞã� æÞà ôÜïÙàéÙæßàÝÞã ï×ÝôïÜéÜâÜßÙå ØÛ×Ú×ïàÛ� ÝÛåÚ×ßß×å Ý ôïÙ�
ÝñÞÝÞÛÙÜê ØàóÜïÜßÞßàóà ×ØÝÙàßßàóà ôàâå� àáÝñõé×â×Ýã ï×ßÜÜ �ßÝÜâãêàêû��ü� ßà Ý ÝàÛÜïäÜßßà éïñóàè ÞàæØÙ ÚïÜßÙå�

�



& $�Ë�Ó�ÈÕ ÏËÔÓÐÊ
�ÜôÜïã êí êàõÜê ÝéÜâ×Þã ôÜïÛñò ôïàÛÜïØñ êàéÜâÙ� Úß×å ôïÙáâÙÚÙÞÜâã�
ßíè ï×éÙñÝ ó×âà ÷× àß ßÜ êàõÜÞ áíÞã êÜßãäÜ ï×éÙñÝ× Øïñôßàè ó×â×ØÞÙ�
ØÙø� ß×èéÜê ê×ÝÝñ ×ØÝÙàß× Ù ôàÝêàÞïÙê ôàô×é×ÜÞ âÙ ìÞà Úß×æÜßÙÜ ê×ÝÝí
Û àáâ×ÝÞã� éàôñÝÞÙêñò Ý ÞàæØÙ ÚïÜßÙå ×ÝÞïà�ÙÚÙæÜÝØÙú Ù ØàÝêàâàóÙæÜ�
ÝØÙú àóï×ßÙæÜßÙè� 
âå Øïñôßàè ó×â×ØÞÙØÙ R ' 1023Ýê� �àéÝÞ×ÛÙÛ ìÞà
Úß×æÜßÙÜ Û ÷�ø Ù ôàêßå� æÞà mpl ' 10−5ó� ôàâñæÙê�

ma ' π
mpl

R
(λca)

1/2
= 10−41g = 10−8eV . ÷��ø

�×ØàÜ Úß×æÜßÙÜ ê×ÝÝí ôïÜéÝÞ×ÛâåÜÞÝå ÛôàâßÜ éàôñÝÞÙêíê Ý ØàÝêàâàóÙ�æÜÝØàè ÞàæØÙ ÚïÜßÙå Ù âàõÙÞÝå Û '×ØÝÙàßßàÜ àØßà'�
�àÛÜïäÜßßà åÝßà� æÞà ôàÝØàâãØñ ï×éÙñÝ ó×âà êßàóà áàâãäÜ� æÜê Üóà

óï×ÛÙÞ×ùÙàßßíè ï×éÙñÝ� × ùÜßÞï×âãß×å ôâàÞßàÝÞã ØàßéÜßÝ×Þ× êßàóà êÜßã�
äÜ æÜê ôâ×ßØàÛÝØ×å� Þà ÛÝòéñ Û é×âãßÜèäÜê êàõßà àóï×ßÙæÙÞÝå ßãòÞà�
ßàÛÝØÙê ôïÙáâÙõÜßÙÜê�
�ÝôàâãÚñÜê ß×äÙ ôïÜéÝÞ×ÛâÜßÙå à ó×â×ØÞÙæÜÝØàê ó×âà ÙÚ ×ØÝÙàßßàóà

ØàßéÜßÝ×Þ× éâå êàéÜâÙïàÛ×ßÙå ØïÙÛíú Ûï×çÜßÙå ó×â×ØÞÙØÙ� �ïÙ ìÞàê
ÝæÙÞ×Üê� æÞà ÝïÜéßåå ôâàÞßàÝÞã ó×âà ôïÙêÜïßà ß× ôåÞã ôàïåéØàÛ ÛíäÜ�
æÜê ÝÜóàéßåäßåå ØïÙÞÙæÜÝØ×å ôâàÞßàÝÞã� ýÞà åÝßà ÙÚ ÝâÜéñòçÙú ï×ÝÝñ�
õéÜßÙè� �æÙÞ×Üê� æÞà ó×â×ØÞÙØÙ ÝØàßéÜßÝÙïàÛ×âÙÝã ß× ØàêØ×ú ×ØÝÙàßßà�
óà ØàßéÜßÝ×Þ×��ñÝÞã ÝïÜéßåå ôâàÞßàÝÞã ØàßéÜßÝ×Þ× ôàïåéØ× ØïÙÞÙæÜÝØàè
ôâàÞßàÝÞÙ� �Üóàéßå ÝïÜéßÜÜ ï×ÝÝÞàåßÙÜ L êÜõéñ ó×â×ØÞÙØ×êÙ ôïÙêÜïßàÛ ��� ï×Ú ôïÜÛíä×ÜÞ Ùú ú×ï×ØÞÜïßíè ï×ÚêÜï� �×ØÙê àáï×Úàê�

ρhal ' ρc

(

L

R

)3

> 105 · ρc .
÷��ø

�ïÙ êàéÜâÙïàÛ×ßÙÙ ØïÙÛíú Ûï×çÜßÙå ê×ÝÝñ ó×â×ØÞÙØÙ áñéÜê ÝæÙÞ×Þã
ï×ÝôïÜéÜâÜßßàè Û ê×ÝÝÙÛßàê ×ØÝÙàßßàê ó×âà� �Üáàâãä×å æ×ÝÞã ê×ÝÝí
àáíæßàóà ÛÜçÜÝÞÛ× ÝàÝïÜéàÞàæÜß× Û Øàêô×ØÞßàê åéïÜ ó×â×ØÞÙØÙ� ÿ×ÝÝàè
ÝôÙï×âãßàè ØàêôàßÜßÞí ÷éÙÝØ×ø ôàØ× ôïÜßÜáïÜõÜê��ïÙÛíÜ Ûï×çÜßÙå ôàâñæÜßßíÜ Û ïÜÚñâãÞ×ÞÜ êàéÜâÙïàÛ×ßÙå éâå
Mhal ∼ 10 ·Mcor

� Rhal ∼ 15Rcor
ÛôàâßÜ ôàúàéåÞ ß× ß×áâòé×ÜêíÜ ï×ÝôïÜ�

éÜâÜßÙå ÝØàïàÝÞÙ Û ïÜ×âãßíú ó×â×ØÞÙØ×ú��ïàÝÞ×å àùÜßØ× ÝØàïàÝÞÙ Ûï×çÜßÙå éâå ó×âà ï×éÙñÝ× R Ýà ÝïÜéßÜè
ôâàÞßàÝÞãò ρJ

ôïÙÛàéÙÞ Ø Ûíï×õÜßÙò�

V =

√

G
M

R
= R ·

√

GρJ

π
=
R

tJ
, ÷��ø

�



æÞà éâå R ' 1023Ýê é×ÜÞ V ' 200Øê�ÝÜØ� ýÞà Úß×æÜßÙÜ ÝØàïàÝÞÙ ß×úà�éÙÞÝå Û úàïàäÜê Ýàóâ×ÝÙÙ Ý ß×áâòéÜßÙåêÙ�

( )Ë*ÌËÉÖ" �ÕÔÊË+ËÖËÈÕ ËÖ �ÕÉ+ÕÔÕ
ÕÈÉÊËÌË� ÑÕÐË

�×Ø ÙÚÛÜÝÞßà� ×ØÝÙàß êàõÜÞ ï×Ýô×é×ÞãÝå ß× éÛ× �àÞàß×� �ïÜêå õÙÚßÙ×ØÝÙàß× àôïÜéÜâåÜÞÝå Ûíï×õÜßÙÜê�

τa ' τπ

(

mπ

ma

)5

, ÷��ø

óéÜ� τπ, mπ
ë ÛïÜêå õÙÚßÙ Ù ê×ÝÝ× ôÙàß×� 
âå ×ØÝÙàß× Ý ê×ÝÝàè 10−8ì� ÛïÜêå õÙÚßÙ 1064 ÝÜØñßéí, �ïÙ ê×ÝÝÜ ó×âà Mh ' R3 · ρJ = 1046

óï×êê ôàâß×å ÙÚâñæ×Üê×å êàçßàÝÞã ÝàÝÞ×ÛÙÞ ÛÝÜóà àØàâà êÙâÙÛ×ÞÞ×� æÞà�
ØàßÜæßà� ÝàÛÜïäÜßßà ßÜàáß×ïñõÙêà�

- .ÕÈÐ/ÒÓÌÊÓ
ÿí ï×ÝÝêàÞïÜâÙ êàéÜâã úàâàéßàè ØàêôàßÜßÞí ÝØïíÞàè ê×ÝÝí Û ÛÙéÜ ó×�
â×ØÞÙæÜÝØàóà ó×âà ÙÚ ×ØÝÙàßßàóà ØàßéÜßÝ×Þ×� �Ùéßà� æÞà Þ×Ø×å êàéÜâã ßÜ
ôïàÞÙÛàïÜæÙÞ ß×áâòé×ÞÜâãßíê é×ßßíê Ù ØàÝêàâàóÙæÜÝØÙê Ù ×ÝÞïà�Ù�
ÚÙæÜÝØÙê àóï×ßÙæÜßÙåê ß× ê×ÝÝñ ×ØÝÙàß×�
�ÛÞàï áâ×óàé×ïÜß �����àâàØàâàÛñ� ����ÿÙâãäÞÜèßñ�

�����ÜÝÞÜïÜßØà Ù �����Ùâ×ó×éÚÜ Ú× ôàâÜÚßíÜ àáÝñõéÜßÙå�

��
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